SIGN-CHANGING STATIONARY SOLUTIONS AND 

BLOWUP FOR THE NONLINEAR HEAT EQUATION 

IN DIMENSION TWO 

FLAVIO DICKSTEIN, FILOMENA PACELLA, AND BERARDINO SCUNZI 

ff^ ■ Abstract. Consider the nonlinear heat equation 

2 ■ (NLH) vt-Av^ \v\P-'^v 

CN ■ in the unit ball of K^, with Dirichlet boundary condition. Let 

5h , UpX tie a radially symmetric, sign-changing stationary solution 

^H. having a fixed number K. of nodal regions. We prove that the 

■^Ui I solution of (|NLHp with initial value Xup^ic blows up in finite time 

Q>^ ■ if |A — 1| > is sufficiently small and Up is sufficiently large. The 

proof is based on the analysis of the asymptotic behavior of Up_/c 

ii» ■ and of the linearized operator L = —A — pjitpxl^"^- 

< 

(^ ; 1. Introduction 

Let us consider the nonlinear heat equation 

\v\P-^v, in Qx (0,r) 

: (1.1) {v = o, 

• ! where Q C M^, A^ G N, is a bounded domain, p > 1, T G (0, +00] and 

"^ ■ _ 

O ■ voe Coin) = {we C{n), w = Oon dQ}. 

It is well known that there exists a unique classical solution of (11 .ip 
which is defined over a maximal time interval [0,Tyf^). It is also well 

K^ I known that (11.11) admits both nontrivial global solutions and blowup 

H ■ solutions for any p > 1. In fact, given cp G Co{Q) and A G M, let us 

- - - consider vx{(p) the solution of (II. ip corresponding to Vq = Xip. For |A| 

small, using that the first eigenvalue of the Laplace-Dirichlet operator is 
positive, it is easy to construct global sub and supersolutions of (11.11) . 
ensuring that Vx{<p) is globally defined. On the other hand, Vx{{p) 
has negative energy for large |A| and, as a consequence, it blows up. 




:i.l) S^ = 0, on(9fix(0,T) 

in il , 
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see [5] or [12]. An interesting question is to understand what happens 
for intermediate values of A. The case of positive functions \l/ > 0, 
\1/ ^ 0, is better understood. It follows immediately from the maximum 
principle for the heat equation that there exists A* > such that fA(^) 
is global if < A < A* and fA(^) blows up if A > A*. (The borderhne 
case A = A* may correspond to either globality [9], [10], [20] or to 

blowup [ig.) 

In other words, defining 

G = {voE Co{n),T^^ = oo}, 

it holds that Q'^ = {vq E Q,vq > 0} is star-shaped with respect to 0. 
(In fact, Q~^ is convex.) In general, however, Q is not star-shaped. In 
fact, consider the stationary problem 

I —Au = \u\P~^u in n, 
1^ = on oil. 

where p > 1 and Q is the unit ball in M^, N > 2. In ^ the authors 
showed that there exists p* < ps '■= {N + 2)/{N — 2) with the following 
property. If m is a radial sign-changing solution of the Lane Emden 
problem (11.21) (for subcritical p there are countable many), there exists 
e > such that Up* < p < ps and ifO< |1 — A| < e then Am ^ Q, i.e., 
Vx{u) blows up in finite time for A slightly greater or slightly smaller 
then 1. Note that m G ^, so that Q is not star-shaped. Let us point out 
that an analogous result was proven for A^ = 3 and p close to 1, see [8]. 
Further analysis of the structure of the set Q and of its complementary 
set 

(1.3) i3 = {t;oGCo(l^),T,„<oo} 

can be found in [B] and [7j. 

The results of [5] and [S| do not apply in the case A^ = 1. In fact, 
for A^ = 1 and p > 1 V\{u) is global and converges uniformly to zero 
if |A| < 1, while vx{u) blows up if |A| > 1. This is due to the anti- 
periodic structure of the one-dimensional problem, which implies that 
v\{u) does not change sign between two consecutive nodes of u. In 
this way, in the one- dimensional case there is no essential difference in 
considering u with or without a definite sign. 

In this paper we treat the case N = 2, which was left open in [5]. 
We recall that for any p > 1 and /C G N there exists a unique (up to a 
sign) radial solution Up^x: £ C^(r2) of (II ■2p with /C nodal regions. The 
main goal of this work is to establish the following result. 

Theorem 1.1. Let Up^jc be a sign- changing radial stationary solution of 
(II. ip (see (11.21) ) with /C nodal regions. Then there exists p* = p*(/C) > 1 
and 6 > such that if p > p* and < |1 — A| < e, then 

Xup^jc G B. 
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Our result is analogous in spirit to the one in [5] cited above. In fact, 
the proofs are based on similar strategies. They are both consequences 
of the following proposition, which is a particular case of Theorem 2.3 

aim- 

Proposition 1.2. Letu be a sign changing solution of (11.21) and let (fi 
be a positive eigenvector of the self-adjoint operator L given by Lip = 
-A(f -p|m|P"V; for if G H'^{Q) nH^{Q). Assume that 



(1.4) / uifi^O. 

Jn 

Then there exists e > such that if < |1 — A| < e, then the solution 

Vx{u) of (II. ip with the initial value Xu blows up in finite time. 



Proposition 11.21 says that the linear instability of the stationary so- 
lution expressed by (ll.4p yields not only nonlinear instability, but also 
blowup. A similar result for positive solutions of the nonlinear heat 
equation and of the nonlinear wave equation may be found in |I5] . In 
view of Proposition II. 2[ Theorem 11.11 holds if we prove the following: 

Theorem 1.3. Given /C > 2, let u be a radial solution to (II. 2p having 
/C nodal regions. Then there exists p* = p*{lC) such that for p > p* 

/ uipi > 0, 
Jn 

where ipi is the first positive eigenfunction of the linearized operator L 

at u. 

The proof of Theorem 11.11 relays on the fact that, in an appropri- 
ate sense, the limit problem of the Lane Emden problem (II. 2p is the 
Liouville problem 

(1.5) r-A. = e^ m 

see [T], [13], [T3]. To be more precise, we consider a suitable scaling u 
of M, which is defined on a ball VL of radius r{p) such that r{p) — )■ oo 
as p — )■ cxD. We define as well a rescaling L of the linear operator 
L, possessing a first eigenvector (pi associated to a first eigenvalue Ai. 
Extending u and (pi identically equal to zero outside fi, it turns out 
that 

(1.6) \u\^-^u -^ e'\ 

p—^oo 

uniformly over the compact sets of M^, where z* is the unique radial 
solution of (II. 5p such that z*{0) = and Vz*{0) = 0. Moreover, the 
linearized limit operator L* = —A — e^ has a negative first eigenvalue 
A^ and a positive corresponding eigenfunction ipl and 

(1.7) Ai— >At, 

p— >oo 
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(1.8) (pi — > (^t in L^{^^) ■ 

p—^oo 

Using fll.6p and (11. 8p we show that 

(1.9) / \u\P-^uipl -^ [ e^Vt- 

Since both e^ and (fl are positive, the integral at the left hand side 
of (II. 9p is positive for large p. By a simple computation, this allows 
to conclude that (ll.4p holds. Then Theorem 11.31 follows from Proposi- 
tion HH 

To obtain (ll.6p - (ll.9p we exploit the analysis of |T3] concerning the 
case of two nodal regions. For /C = 2, the limit problem associated to 
u^, the positive part of u, is a regular Liouville problem in the whole 
space M^ (while the negative part u~ is associated to a singular Liouville 
problem). Using the results of [H], we have been able to prove that 
(II. 6p holds for solutions having any fixed number /C of nodal regions. 
There are two crucial steps in the proofs of (ll.7p - (ll.9l) for general /C, 
the variational characterization (I2.10p of u, which is a consequence of 
the results of |1], and the energy estimate (12. ip . 

For A^ > 3 and subcritical p < ps, it was shown in [S] that Xu E B 
if |1 — A| and ps — P are small enough (A ^ 1), independently of the 
number /C of oscillations of the stationary solution u. We were not 
able to obtain here an analogous result, since p and A depend on /C 
in Theorem II. 11 There is a distinguished difference between the two 
cases. In the case N > 3, the limit problem of (II. 2p for p ^ ps 
is still the same problem (11.21) for p = ps, which has a (unique, up 
to dilations and translations) positive regular solution. However, in 
the present case N = 2, there is qualitative, other than quantitative, 
transformation when passing to the limit j9 — )■ oo. This explains why 
the analysis here is more involved. 

The rest of the paper is organized as follows. In Section [2] we obtain 
some preliminary results that will be useful in the sequel. In particular, 
we obtain the energy estimate in Proposition 12.11 and the variational 
characterization in Proposition 12.41 In Section [3l we carry out an as- 
ymptotic spectral analysis, proving (ll.7p and (II. Sp . Finally, in SectionH] 
we show (II. 9p , which yields Theorem 11.31 and Theorem 11.11 

2. Preliminary results 

It is well known that, for p > 1 and /C > 1 (11.21) admits a unique 
radially symmetric solution Up^ic G C^(f2) having /C nodal regions and 
such that Mp,^(0) > 0, see e.g. [22]. In this section we establish bounds 
on the energy of Up^ic and on its Cq norm which will be crucial for the 
proof of our main result. These estimates extend those in y^ for the 
case /C = 2. 
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Proposition 2.1. There exist p* = p*(/C) G R and £ = £{IC) > such 
that 

(2.1) p [ \up^icK' dx = p [ |Vup,;c|' dx<S 

Jn Jn 

for p > p* . 

Proof. Consider the energy functional 

Epiu) = -\\\/u\\l-—^\\u\\lll 

for u G Hq.^.{Q), the space of radial functions of Hq{Q). Note that, if u 
is a solution of fll.2p . then 

EJu) = J!~\. I iVuP 



^^- 2{p+l)j^ 

In this way, Proposition 12.11 will be proven once we bound pEpiup^ic) 
uniformly in p. To do so, we first remark that the proofs of Theorem 1.2 
and of Theorem 1.4 of |1] still hold when applied to the space Hl^iyt). 
As a consequence, we obtain a sequence of distinct solutions of (11. 2p 
±Wpj, i G N, such that 



\v. 



p,j 



lHi.,,(n) ^oo as j ^ oo. 



b) Vp^i is positive and Vpj changes sign for j > 2. Moreover Vpj 
has at most j nodal regions. 

c) Epivpj) < f3j, where 

(2.2) /?,• = inf sup EJv), 

dim{V) >j 

We next observe that, by the uniqueness (up to a sign) of the radial 
solution of (11.21) having j nodal regions, we may write that 

(^Z.oj Vpj = Upj 

for all j. We shall now use c) here above to estimate pEp{upj) inde- 
pendently of p. Our arguments extend those employed in jTS] for the 
case j = 2 of two nodal regions. 

Given /C G N, fix ai, . . . , a/c-i positive numbers satisfying aj > Qj+i 
for j = 1, . . . , /C — 1 and set a/c = 0. Consider the /C- dimensional sub- 
space V^ of Hq^{Q) spanned by the /C linearly independent functions 
dp,!, ■ ■ ■ , 9p,K.i defined in the following way. 

1) Qp^i is the unique positive radial solution to (11.21) in the ball 

Bp = {xeR^ : |x| < e-"^P}. 

2) For 2 < j < /C, Qp^j is the unique radial positive solution to 
(ll.2p in the annulus 

Ap^j = {x G M^ : e-"^-iP < \x\ < e""^^}. 
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Let US assume for the moment that there exist p > 1 and constants 
Ci, . . . ,cic such that 

(2.4) pEpigp^,)<c, \fp>p, 1<J</C. 
Since Qpj belongs to the Nehari manifold 

Af, = {ueHl{Q)\{0} : ||Vn||^= 11^11^:1} 
it is easy to see that Epitg^j) < Epi^g^j) for allt G M. By fl2.4p . 

K. K K. 

for all tj G R and p > p. Hence, using (12 .Sp and c) here above, we get 

K. 

pEpiup^K.) < sup pEp{v) < y^Cj, 
showing (12. ip for any p > p. To conclude the proof, it remains to show 

We start by estimating pEp{gp^i). Note that 

gp,i{\x\) = e^u7p(e"^P|x|), 
where Wp is the unique positive solution to (II. 2p in the unit ball. Thus, 

(2.5) / |V(?p,i|2 = el^ / \Vwp\^. 

JBp Jbi 

Moreover, it follows from Lemma 2.1 of \X\ that 



p I |Vw„p — > 8-Ke. 

g P->00 



2P(P+1) / |^„ ,2 , o^^4ai+l 



Therefore 

pEp{gp,i) = ""^'"^ '/' / |V^p,i|^ — > Sne 

and this gives (12. 4p for j = 1. 

We now estimate pEp{gpj) for j > 2. Let Zpj be the positive (radial) 
solution of 

max{/" \u\P+\ f \Vu\'^=p-^}=:Ipj. 

Then Zpj satisfies —Azpj = {plpj)~^ Zpj, so that gpj = {plpj)~p^ Zpj. 
Hence, 

(2.6) p[ \VgpJ' = {pIp,,)-^^. 
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Next, inspired by the results in ^^ on the asymptotic behavior of the 
radial positive solution in an annulus as p — )■ oo, we set A^ = aj-i — Oij 
and consider 

w (r) - r27rAr^«-i f«,-iP + logr, e^^-^ < r < 6"^^^"^?^^ 

\^—ajp — logr, e 2 p < r < e "-^p, 

where r = |x|. Since Wp^j G /7o^(Apj) and || Vwpj||^2(^ .\ = P^^ we get 



(2.7) / w;y<ip,. 

Then, 



(Q,+a,_l) 



f w;;+^ > (27r)-^A/^'p-(P+i) I (aj_ij9 + logr)P+V(ir. 

— a T „ 1 p 
a.j_'^+a.j 

Through the change of variables s = e 2 ^ r, we get 
(2.8) 

I w^J^ > (27r)-'^AT'^e("^-i+°^)P /" (^+p~Mogsj srfs 



3p+l p-1 £+1 , _^ , /• / 2 \^"^ 

= 2-^7r-— A/ e("^-i+°^)P / (1 + — — logs) sds 

Using the Dominated Convergence Theorem, we obtain 

1 



(2.9) / (l + ^>og.) ...^^/.^(->)-'«d.^^. 

It then follows from O-O that 

PE,{9V.) = ^^^ / |V,,,f < 5vr(A,)-^e-(--^^--^) 

if p is large enough. This concludes the proof. D 

Remark 2.2. Note that minj<yc A^ — )■ as /C — )• oo. Thus, the energy 
estimate fl2.ll) is not independent of IC. 

As a consequence of Proposition 12.11 and of Theorem 1.2 of [4j we 
can show a nice variational characterization of the radial solutions Up^ic 
of (IL2D. 
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Proposition 2.3. We have 

(2.10) Ep{up^ic) = inf sup Ep{v) . 

dim{V)>K 

Proof. Denoting hy xi, X2, ■ ■ ■ , Xjc the /C the characteristic functions 
associated to the /C disjoint nodal regions of Up^jc, set u' i^ = Up^jc Xj and 
define Vjc as the subspace generated by {Up^^jKic- Since E{tUpi^) < 
E{Up,^) for all t G M, we have that 

K K 

Ep{Y^tjul,^) < ^Ep(Mp,^) = Ep{up,^). 

From fl2.2p we get that Pj < Ep{uj). The reverse inequality was ob- 
tained in the proof of Proposition 12.11 and so (12.101) holds. D 

Since for general domains Q there could be more solutions having 
the same number of nodal regions but different energy, as it is the case 
when r2 is a ball (see [2]), a characterization of type (12.101) does not 
hold for general stationary solutions in Hq{Q). 

Let now Ep^ic be such that 

(2.11) S1=P«P,^(0)^-' 
and set 

(2.12) < rp,^,i < rp^ic,2 <■■ < rp^K:,ic~i < 1 
the nodal radii of Up^K^{\x\) = Up^ic{r), r = |x|, in the ball. 

Proposition 2.4. We have the following. 

i) ||Mp,/c|U->(Q) =Mp,K:(0). 
ii) There exist c > and C{£) > such that c < Up^ic{0) < C{£) 

for all p > 1, where £ is given by (12.11) . 
iii) IpjEA. _> 00 as j9 — > 00. 



IV 



ll"p,K:lli°o({|a;|>7 



p,K,l-f 



^^< i 



Proof. Considering Up^fz as a function of r = |x|, it satisfies 
,, N -I , , ,„_, 

Multiplying the equation by u'pj^^, we get that F'{r) < 0, where 

1| / |2 1 

Thus F is nonincreasing. In particular, -F(O) > F{r) for all r > 0, 
which implies that ||mp,k:||l°°(q) = Wp,/c(0). This also implies that the 
absolute values Mj, j = 1, 2, . . . , /C, of the local maxima of each nodal 
region of Up^)c decrease with j. 



(2.13) nr) = 7^\uU? + ZrV^K^icr' ■ 
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We next prove the lower bound in ii). Let us recall that this was 
shown to be true in Lemma 2.3 of [13] for the case /C = 2 of two nodal 
regions. This yields the result for general /C, since 'Upx;(0) > 'Up2(0). 
Indeed, for j < fC 

(2-14) Mpj(r) = r;jc>p,^(rp,K;jr). 

2 

Taking j = 2, we get Mp,K:(0) = ?^p,k:72 «p,2(0) > Mp,2(0). 

To obtain the upper bound, we see from (12.141) for j = 1 and from 
Proposition 12.11 that 

/•I 2(p+l) /•! 

(2.15) p/ Mp^^(r)r(ir =prp^^~} / u^^^{rp^Y:,\r)r dr = 
Jo ' ' ' Jo ' 



Kr^a / <il^)^ ds < pr;2,, / <^^(.). ds < Cr;2,,. 

Jo Jo 

for some C = C(/C). We next recall that 

(2.16) lim p vF I {r)r dr = — lim p u^ ^ dx = 4e, 

2 

see [T]. Using (I2.15P and (I2.16P we conclude that r^~^^ is uniformly 
bounded from below. Finally, we note from (I2.14p that 

(2.17) r^ - ^-^(°) 



2 



Since Mp,i(0) — )■ ^e, see P, we conclude that Up^ic{0) is uniformly 
bounded from above. This completes the proof of ii). 
To show in), we use once again (12.141) to write that 

(2.18) Tp^ic^i = rp,/c,2rp,2,i 
and that 

(2.19) u^ = v^r-},^^. 
From fIXTS]) and fl^TTg]) we get 



(2.20) ^^ = v^rp,^,iVx: (0) = v^^p,2,iV2 (0) = ^^- 

^P,1C ^P,2 

Thus the result for general /C follows from the one for /C = 2, which 
was proven in Proposition 2.7 of [H]. 

It remains to show iv). Since the absolute values of the local maxima 
of each nodal region of Up^x. decrease, it follows easily from (I2.14p that 
the quotient in iv) does not depend on /C. For /C = 2, iv) was proven 
in Theorem 2 of [H]. This closes the proof. D 



The next proposition gives a meaning to the statement that the Lane 
Emden problem has the Liouville problem as a limit. 
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Proposition 2.5. Define the resettled function 

P 
Zp,K = 7;^{up,K:{^p,icx) - ^p,x;(0)), 

Up,JC[^) 

over the resettled domttin f^^^^ = e'^Vt ttnd set Zp^jc = outside ^epic- 
Then 

(2.21) Zp,,c — > z*, 
where 

(2.22) z* = logf(l + -|xn"' 



is the unique regulttr solution to the Liouville problem 

(-Az=e^ inR-" 

\4,e^ <+oo, ^(0) = |Vz(0)| = 0. 

Proof. The proof is similar to tliat of Theorem 2 in [T3]. We outline 
the main steps for the reader's convenience. Using (12.111) it is easy to 
see that Zp^x: solves 



Az, 



p,K 



1 + ^ 






p 

with |1 + ^^^1 < 1. By standard regularity theory it follows that 
Zp^}c is uniformly bounded in Cf^^i^) and hence (I2.2ip holds with z* 
satisfying (12. 23 p . Note that the uniform estimate of the energy obtained 
in Proposition 12. II vields that j^2 e^ < +oo (see the proof of Theorem 2 
in [13j for details) and (I2.22p follows by the classification of the solutions 
to fl2^ . D 

Remark 2.6. Here is ttnother ttrgument for the proof of Proposition \2. 51 
It follows from (I2.14p . (I2.17P ttnd (12. lip thttt Zp^jc = Zp^i in figpi- This 
yields (I2.2ip for generttl JC, since the cttse of positive solutions /C = 1 
wtts shown to be true in [1]. 

3. Asymptotic spectral analysis 

As discussed in Section |21 an appropriate rescaling of Up^jc converges 
to the solution of the Liouville problem (I2.23p . In this section we 
consider the corresponding linearizations of the Lane Emden and of 
the Liouville problems and study their connections. 

We first discuss the linearization of the limit problem. For v G 
if2(M2^ define 

L*{v) = -Av-e^*v. 

Consider the Rayleigh functional 



n{w)= I (|Vw|^-e^*w^)rfx 
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for w G H^iMP') and define 

(3.1) \l = inf n{w) . 

We remark that A^ > — oo, since e^ is bounded. 
Proposition 3.1. We have the following. 

i) A* < 0. 

ii) Every minimizing sequence of fl3.ll) has a subsequence which 
strongly converges in L^(R^) to a minimizer. 

iii) There exists a unique positive minimizer (fl to (13. ip which is ra- 
dial and radially nonincreasing . Moreover, A^ is an eigenvalue 
of L and ip\ is an eigenvector associated to \\. 

Proof. A direct computation gives that e^* G H^{E?) and that 

so that A* is negative. This gives i). 

To prove ii) let Wn be a minimizing sequence of (13. ip . Clearly, Wn 
is bounded in if^(R^). Therefore, up to a subsequence, it converges 
weakly to some w G H^lM."^), and strongly in L^({|x| < R}) for every 
R > 0. The weak lower semi continuity of the norm gives 

|Vwp < liminf / |Vtf„|^ and ||w||2,2(r2) < 1 . 

"^°° JR2 

Moreover, exploiting the decay properties of e^* , we get 



{wl - W-) 



< 



e'^'lml -w'^l 



w„ 



w'^l + 



{\x\<R} 



e'^'lwl - w^l 



{\x>R\} 

c 

< C \\Wn - w\\l2Q^\<r) + — , 



yielding 



e w;-> 



e w 



Therefore 7l{w) < A*, so that w j^ 0. Letting 

w 



w 



we have 



XI < n{w) 






< 



K 



\w\ 



< A*. 



IL2(ir2) II"'IIl2( 

Hence ||w||l2(r2) = 1 and w is a minimizer. This also allows us to 
deduce that Wn converges to w in L^(]R^) so that ii) holds. 

The proof of ui) now uses standard arguments, including a rearrange- 
ment procedure (see ^7\). O 
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We next consider the linearization of the Lane Emden problem. In 
the rest of this paper we fix /C > 2 and we denote for simplicity Mp,AC) 
Ep^fc, etc. by Wp, e^, etc. Define for v G H'^iVt) 

Lp{v) = —Av — p\upf~^v. 

We denote by Ai(p) the first eigenvalue of Lp in Q and by ipi^p the 
corresponding positive eigenfunction normalized such that (pi^p > 
and ||v5i,p||L2(!rj) = 1- In particular, we have 

(3.2) - A(y9i,p-p|up|P"Vi,p = Ai(p)v9i,p. 

Moreover, \i{p) < for any p > 1, as it is easy to verify. Let us define 

^i,P by 

i^i^p = Epipi^p^Epx) in Qsp, 
<^i,p = outside Q^^, Ep being given by (12.111) . Then (pi^p satisfies 

- A(^i,p = Vpipi^p + Ai(p)(^i,p, 

where 

p-i 

p 



(3.3) 


Vp{x) = 


\Up{EpX)\P 1 


upioy-' 


and 






(3.4) 




Ai(p)=4Ai(p) 



In other words, (pi^p is a first eigenfunction of the operator 

(3.5) Lp = -A~VpI 

in L'^{Qep), Ai(p) being the corresponding first eigenvalue. 

Lemma 3.2. The set {(^ip,p > 1} is bounded in if^(R^). 

Proof. We have that ||'^i,p||L2(]g2) = 1. In addition, since Xi{p) is nega- 
tive and ||Mp||L°°(n) = Mp(0), 



/ |V<^i,pP = 4 / \Vipi,p\^{Epx) =eI [ |V<^i, 

JR2 Jflep Ji^ 



2 

p\ 



4p I^pI^ V1p + 4^i(p) / '^l: 



p 



<4pjKrv,,-^j^jM'-',i<^- 



n 



Remark 3.3. Applying Strauss Lemma [2T] for radial functions of 
H^iM."^), we see from Lemma [Ql that ipi^p{x) —t- as |x| —t- oo uni- 
formly in p and r = \x\. 

We are now ready to discuss the convergence of the eigenvalues Ai(j9). 
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Theorem 3.4. We have 

(3.6) Ai(p) — > XI. 

Proof. We divide the proof in two steps. 

Step 1 .■ For e > we have 

A* < Ai (p) + e for p sufficiently large. 
To prove this, we see that X^ < lZ{(pi^p), since ||(^i p||2,2(]82) = 1. Thus, 
(3.7) 

XI < I |V^i,,r - e^Vlp = / \Vvi,p? - VvVl, - I (e^* - VvWi,, 



^ep 



J\x\<R JR<\x\<ep^ 

where R>0. Using Holder's inequahty, (^, fl2lTD and (12:221) we get 



/ k"" ~ ^IV'l.p < 11'^'' ||L°°({|x|>i?}) + 



C||^l.plli-({|x|>/?}) (Wp(0)) ^P ^^M Mp(£pX)P^^> £p 

' 'R<\x\<ep^ ' 






4 



< 64i?"^ + C||^i,,||i.(^|,.|>^}) («p(0))-^^-^^(^)'"^. 



.p, 

= 64i?-^ + C||^i,,||i^„|,|>^„£?^p^. 

Using that ||<^i,pI|l°°({|x|>_r}) — > as i? — )■ cxd uniformly in p, see Re- 
mark \'d.'S\ and m) of Proposition 12.4^ we may fix R large enough so 
that 

(3.8) / |e^* - %\^l^ < e/2 

J R<\x\<ep ^ 

for all p > 1. By fl2.2ip we get that V^ = (1 + 5£)p-i converges uni- 
formly to e^* on compact sets. In this way, for R fixed as above and p 
sufficiently large 

(3.9) / |e^* - %\^l^ < e/2. 

J\x\<R 

Step 1 then follows from ([3TD, (ESD and IK9\f . 

Step 2: Given e > 0, we have that 

Ai(p) < A* + e forp sufficiently large. 
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To prove this, let us consider for i? > a cut-off regular function 
i^Ri^) = i^Rij) such that 

- < ipR < 1 with ipR = 1 for r < R and ippt = for r > 2R, 

- WrI < 2/R 
and set 

i^R^l 



Wr 



\Hr'^*i\ 



L2 



From the variational characterization of \i{p) we deduce that 
(3.10) 

Aib)< / \Vwr\^-V,wI= [ \VwR\'-e''wl+ [ (e^* - V^K- 

JR2 JR2 J^2 

It is easy to see that wr — )■ ipl in H^{R'^) as i? — )■ oo. Therefore given 
e > we can fix R> such that 

(3.11) / \VwR\^-e''wl<\l + e. 

For such a fixed value of R, we can argue as in Step 1 to obtain that 

(3.12) [ ie^*-V,)wl<e 



for p large enough. Now (IXTUD . dXTT]) and (IXT^ yield Step 2. 
Assertion (13.61) follows from Step 1 and Step 2. 

D 

We may now prove the convergence of the eigenfunctions (fi^p. 

Corollary 3.5. ipi^p strongly converges to ipl in L'^{M.'^). 



Proof. Theorem 13.41 shows that (fi^p is a minimizing sequence for (13.11) . 
and so the result follows by ii) and iii) of Proposition 13.11 D 

4. Proof of Theorem 11.11 

We start with the 

Proof of Theorem \1.3[ Using ipi^p G Hq{^) as a test function in (ll.2p 
gives 

while using Up as a test function in (13. 2p yields 

/ Vnp-Vv2i,p= / p\up\^'^Upipi^p + Xi{p) / Upipi^p. 
Jn Jn Jn 

Subtracting the first equation from the second we obtain 
P-1 f I ip-i f 

. I ^ / \Up\ Upipi,p = / Upifl^p. 

-^i\P) Jn Jn 



Vup-V!fi^p= / \up\P Upifi^p, 
n Jn 
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We may therefore study the sign of f^ \up\P ^Up ipi^p which is equivalent 
to studying the sign of 

In order to prove the result, we will show that 
1 



(4.1) 






To do so, we take e > and choose R > such that 



(4.2) 

We then write 
(4.3) 



e' (pl<e^ 



\x\>R 



UpW^pJn 
1 



\Up\^ ^Upifi^p 



up{oy 



Up{ep x) \P ^Up{ep x) (fi,p{x) 



+ 



UpW J\x\<R 

1 



Mp(£pX)|^ Up{epX)cpi^p{x) 



Up{ep x) \P ^Up{ep x) fi,p{x) 



M^y jR<\x\<e-^ 

Using the decay properties of ipi^p, see Remark 13. 3^ we may take R 
eventually larger so that 

1 



up{oy 



-R<|a::|<er> 



\Up{epX)\''ipi^p 



(4.4) 



< C'||'^i,p||L°°({|z|>i?j); 

< C'||'i5l,p||L°=({|i|>i?J) 



wp(o)p Wi?<|x|<£-i 



\up{epx)rY^'e;^'^' 



up{oy 



I |p+l\p+i 2 
I "pi I tp 



for all p > 1, where we have used (12. ip . ii) of Proposition 12. 4[ (12. lip . 
Holder's inequality and a change of variables for the integration. 
Moreover, ([SJD, <^^ and Corollary [33] yield 



(4.5) 



Up{epx)\p _ 
x\<R - Mp / 



e-'vl 



x\<R 



x\<R 



1 + '-" 



Zr,\P ^ 

P^ J\x\<R 



e ^\ 



<e 



for p eventually larger. Thus (14. ip is a consequence of (I4.2p - (l4.5p . D 
We finish by proving our main result. 
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Proof of Theorem \1.1[ Theorem 11.11 follows immediately from Theo- 
rem [T3] and Proposition 11.21 D 
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